
MTH 461 31. Long-term behavior of Markov chains

Question. Consider a Markov chain with• states S1, . . . , SN• a transition matrix P• state vectors X0, X1, . . .What can we say about Xn when n is large?
Example. The weather model:

P = [ R SR 0.6 0.1S 0.4 0.9
]
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Example. The gambling model:
0 1 2 3 41 1 − p

p

1 − p

p

1 − p
p 1

P =


0 1 2 3 40 1 1 − p 0 0 01 0 0 1 − p 0 02 0 p 0 1 − p 03 0 0 p 0 04 0 0 0 p 1


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Example. Random walk on a circular network:

1

2

3

4

P =


1 2 3 41 0 1/2 0 1/22 1/2 0 1/2 03 0 1/2 0 1/24 1/2 0 1/2 0

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The steady-state vector

DefinitionIf P is a stochastic matrix then the steady-state vector of P is a probabilityvector Y such that PY = Y .
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Example. The weather model:
P = [ R SR 0.6 0.1S 0.4 0.9

]
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Example. The gambling model (with p ̸= 0, 1):
0 1 2 3 41 1 − p

p

1 − p

p

1 − p
p 1

P =


0 1 2 3 40 1 1 − p 0 0 01 0 0 1 − p 0 02 0 p 0 1 − p 03 0 0 p 0 04 0 0 0 p 1


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PropositionIf P is a stochastic matrix then P has a steady-state vector.
LemmaIf A is a square matrix then λ is an eigenvalue of A if and only if λ is aneigenvalue of AT .
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Example. Random walk on a circular network:

1

2

3

4

P =


1 2 3 41 0 1/2 0 1/22 1/2 0 1/2 03 0 1/2 0 1/24 1/2 0 1/2 0

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DefinitionA stochastic matrix P is regular if there is N ≥ 0 such that all entries of
PN are positive.

Perron-Frobenius TheoremIf P is a regular stochastic matrix then:• There exists only one steady state vector Y of P• For any probability vector X we have
lim

n
PnX = Y
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