MTH 461 31. Long-term behavior of Markov chains

Question. Consider a Markov chain with

e states S, ..., SN
e a transition matrix P
e state vectors Xp, X, ...

What can we say about X, when n is large?

Example. The weather model:

p_R 0.6 0.1
S [0.4 0.9
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Example. The gambling model:

T—p i i p
CloO—1 23—
p p

0 1 2 3 4

o[ 1 1—=p 0 0 0 |
110 0 1-p 0 0
P=2110 p 0 1—-p O
310 0o p 0 0
410 0o 0 p 1|
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Example. Random walk on a circular network:

0 12 0 112
12 0 12 0
12 0 12
12 0 12 0

S W N -
-}
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The steady-state vector

If P is a stochastic matrix then the steady-state vector of P is a probability
vector Y such that PY =Y.

134



Example. The weather model:

p_R |06 0.1
S [0.4 0.9
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Example. The gambling model (with p # 0,1):

T—p i L p
CO— 23—
p p

0 1 2 3 4

o[ 1 1-p 0 0 0
110 0 1-p 0 0
P=21 0 p 0 1—p O
310 o0 p 0 0
41 0 0 o p 1
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Proposition

If P is a stochastic matrix then P has a steady-state vector.

If A is a square matrix then A is an eigenvalue of A if and only if A is an
eigenvalue of A’.
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Example. Random walk on a circular network:

0 12 0 112
12 0 12 0
12 0 12
12 0 12 0

S W N -
-}
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A stochastic matrix P is regular if there is N > 0 such that all entries of
PN are positive.

Perron-Frobenius Theorem

If P is a reqgular stochastic matrix then:

e There exists only one steady state vector Y of P

e For any probability vector X we have

limP"X =Y
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