
MTH 461 28. PCA: further components

Example.Demeaned data matrix:

A =


Ex 1 Ex 2Aly −27 −30Bob −23 −15Chen 19 6Deb 26 40Emma 15 −20Finn −10 16


=


X1 X2


=



S1
S2
S3
S4
S5
S6



Let u1 be the 1st principal axis of A, and let Y1 be the 1st principal componentof A:
Y1 =


c1
c2...
cN

 =


S1u1
S2u1...
SNu1


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ST1

ST2

ST3

ST4

ST5

ST6

The projection matrix
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The difference matrix

DefinitionLet A an N × M demeaned data matrix
A =


S1
S2...
SN


Let u1 be the 1st principal axis of A, and let Y1 be the 1st principal componentof A.
The 2nd principal axis of A is the 1st principal axis of the difference matrix

D1 = A − Y1uT1The 2nd principal component Y2 of A is the 1st principal component of thematrix D1.
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Computation of the 2nd principal axis of A
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PropositionGiven a demeaned data matrix A, let
λ1 ≥ λ2 ≥ · · · ≥ λN

be eigenvalues of the covariance matrix CA and let u1, u2, . . . , uN be or-thonormal vectors such that ui is an eigenvector of CA corresponding to theeigenvalue λi.• The 2nd principal axis of A is the vector u2.• The 2nd principal component of A is the vector Y2 = Au2.• We have Var(Y2) = λ2.• In addition, Cov(Y1, Y2) = 0.
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The ith principal component

Proposition/DefinitionGiven a demeaned data matrix A, let
λ1 ≥ λ2 ≥ · · · ≥ λN

be eigenvalues of the covariance matrix CA and let u1, u2, . . . , uN be or-thonormal vectors such that ui is an eigenvector of CA corresponding to theeigenvalue λi.• The ith principal axis of A is the vector ui.• The ith principal component of A is the vector Yi = Aui.• We have Var(Yi) = λi.• In addition, Cov(Yi, Yj) = 0 if i ̸= j .
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