MTH 461 22. Quadratic forms

Definition

Let A be an n x n matrix. A quadratic form defined by A is the function
qga: R" - R

given by ga(v) = v’ Av.

Example.

Sith
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Let A be an n x n matrix, and let As = 3(A+ AT). Then:

N|—

1) As is a symmetric matrix.

2) qalv) = gas(v) for all v e R".

Example.

Sith

Upshot. When defining a quadratic form g4 we can always assume that the
matrix A is symmetric.
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Change of variables in a quadratic form

Recall: If Ais an n x n symmetric matrix then

A=QDQ'
where:
=] uy u ... u, orthogonal matrix, 0’0 =1,
(A 0 0 | A1 = eigenvalue corresponding to uy
D 0 A 0 A> = eigenvalue corresponding to u;
|0 0 ... A ] A, = eigenvalue corresponding to u,

Upshot. For any vector v € R” we have

galv) = qp(Q'v)

qo(v) = qa(Qv)

88



Application: Classification of quadratic forms

Let A be an n x n matrix. The quadratic form g4 is
e positive definite if ga(v) > 0 for all v e R” — {0}

e positive semidefinite if ga(v) > 0 for all v e R” — {0}
e negative definite if ga(v) < 0 for all v e R" — {0}
e negative semidefinite if ga(v) < 0 for all v e R"” — {0}

e indefinite if g4 has both positive and negative values.

Lemma

If D is a diagonal matrix

A0 0
0 X 0
0 0 An

Then gp ls:
e positive definite if A; >0 fori=1,...,n
e positive semidefinite if A; >0 fori=1,...,n
e negative definite if A; <O fori=1,..., n

e negative semidefinite if A; <O fori=1,..., n

e indefinite if A; > 0 and A; < 0 for some i, j.
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Lemma

Let A be a symmetric matrix with an orthogonal diagonalization
A= QDQ’

If the quadratic form gp is positive definite (positive semidefinite etc.) then
ga has the same property.

Let A be a symmetric matrix with eigenvalues Ay, ..., A, then the quadratic
form ga is

e positive definite if A; >0 fori=1,...,n

e positive semidefinite if A; >0fori=1,...,n

e negative definite if A; <O fori=1,...,n
e negative semidefinite if A; < Ofori=1,...,n

e indefinite if A; > 0 and A; < 0 for some i, j.
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Example. Classify the quadratic form g4 defined by the matrix

A=

Ol = =
_ O] =
_ . Ul
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Proposition

Let A be a symmetric matrix. The quadratic form g4 id positive semidefinite
if and only if there exists a matrix B such that A= B'B.
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Constrained optimization of quadratic forms

Constrained Maximum Problem. Given a symmetric matrix A, find a vector
v € R” such that ||v|]| = 1 and the value ga(v) is the largest possible.

Lemma

If D is a diagonal matrix
(4 0 ... 0 ]
oo [0k
0 0 ... A ]
.
such that Ay > A, > ... > A,, then the vector e1=[‘| 0 ... O] is
a solution of the Constrained Maximum Problem. Also, gp(e1) = A

93



Proposition

Let A be a symmetric matrix with eigenvalues A1 > A, > ... > A,. lfuq is
an eigenvector corresponding to Ay such that ||uq|| = 1 then uq is a solution
of the Constrained Maximum Problem and ga(uq) = A4.
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Example.
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