
MTH 461 12. Review: Determinants

A det Asquarematrix number
= 0 if A is not invertible
̸= 0 if A is invertible

• Cofactor expansion. If A is an n × n matrix
A =

a11 . . . a1n... ...
an1 . . . ann


then for any 1 ≤ j ≤ n we have

det A = (−1)1+ja1j · det A1j+ (−1)2+ja2j · det A2j
. . . . . . . . . . . .+ (−1)n+1anj · det Anjwhere Aij is the matrix obtained by deleting the ith row and j th column of A.

Example.

A =
 1 2 34 5 67 8 9


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• Cramer’s Rule: If A is an n × n invertible matrix then
A−1 = 1det A


C11 C21 · · · Cn1
C12 C22 · · · Cn2... ... ...
C1n C2n · · · Cnn


where Cij = (−1)i+j det Aij

PropositionConsider a matrix equation:
Ax = bif A is an invertible matrix, det A = ±1 and all entries of A and b areintegers, then the solution of this equation consists of integers.
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