MTH 461 31. Long-term behavior of Markov chains

Question. Consider a Markov chain with

e states S, ..., SN
e a transition matrix P

= P"X
e state vectors Xp, Xi,... X,="PX,, 0

What can we say about X, when n is large?

Example. The weather model:
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Example. The gambling model:
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This  means that X, =P "X, will depend
on the choice O‘Y Yre veetor Xo'.
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Example. Random walk on a circular network:

1 2 3 4

1fo 12 0 112
p_2|12 0 12 0
310 12 0 112
4112 0 12 0

A random walker  can return 1O the S*'auh'ng/
posthon ofter an even number c{— ateps On\vl.

Tlwwe P il hove O on the m™main o\iagonal
CQ " is odo\’ and non- zerd numbers iF

N 8 evén.

UEQ‘“O\" - Jn Yhis cese P" does ot coOnvesrgel .
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The steady-state vector

Asgurne that o Moxlov chojn thak stasts  with
come srate veetor K, converges do some vector:
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If P is a stochastic matrix then the steady-state vector of P is a probability
vector Y such that PY =Y.

Noke: Eqwi\/&len*l% + Y s on eigenvector 7{— P
corresponding to the  cigenvalue A

Updicts I P is the transihon matnx of some
Markov chain KXo, X ..., ond Um X =\ Hhen

n-roe

N s & steady state vector of .
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Example. The weather model:

p_R |06 0.1
S [0.4 0.9
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Example. The gambling model (with p # 0,1):

T—p i L p
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0 1 2 3 4

o[ 1 1-p 0 0 0
110 0 1-p 0 0
P=21 0 p 0 1—p O
310 o0  p 0 0
41 0 0 o p 1
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Proposition

If P is a stochastic matrix then P has a steady-state vector.

If A is a square matrix then A is an eigenvalue of A if and only if A is an
eigenvalue of A’.
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Example. Random walk on a circular network:

0 12 0 112
12 0 12 0
12 0 12
12 0 12 0
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A stochastic matrix P is regular if there is N > 0 such that all entries of
PN are positive.

Perron-Frobenius Theorem

If P is a reqgular stochastic matrix then:

e There exists only one steady state vector Y of P

e For any probability vector X we have

limP"X =Y
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