MTH 461

Example.

Demeaned data matrix:
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Finn

Let uy be the 15! principal axis of A, and let Y, be the 15! principal component

of A:
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The difference matrix

D= AP
e
Ahe informotion that is not captured

5\1 dhe St principal component of A

To  understand this information beller we amn use
the ASY principal component of D

Let A an N x M demeaned data matrix

Let uy be the 1°' principal axis of A, and let Y; be the 15! principal component
of A.

The 2" principal axis of A is the 1%t principal axis of the difference matrix
D1 =A— Y1u1T

The 2" principal component Y, of A is the 1° principal component of the
matrix D;.
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Computation of the 2" principal -cempenent of A

The 2 princ. axic of A = +he ast pric. oxis of D= A-P

the eigenvector of Cp= 4 D'D corresponding

‘o the \argest zigenvalue of Cp.
Congider the Of-\’hogond diagoncxlu'za‘HOh of Ca-= Aﬂ AT A

o wT
CozHRAs W U uy e u
N

-
N

°
v —
ar¥honor mol aiqenvalues
@igenvectors of Cp

of Ca, 2,%%?
We hawve -

e A 2O

Co=AD™D « L (A-F) (A-F) = 4 (KA - - FA +PP) = Cp-
S KPP AXAUUT = 2w, uT
N ) L D}

<
“PALTP
Cp CaAlU = MY,
\V
WA= (RAH= (AuuT) = AawuT
—'{‘-'-PT'P =

CA'“|' ’/\.u.
L (huay (R uud) = JwuT AAuUT = wuT Cawul = wurdu)ur

= A, 'u\('u;"‘u.)u;" = N, u|u|1_
uTu,=4
This qives
Co- CA - M T - ')M x ?\m = Ca- 2y ul =

~ uT ~ wT

= * u
U Uy - Uy . Tl uy e °© . 14_'.‘-
(@) uy

')\N u':'
A Tl
\ | 'xz /\— O | \
My Ug - Up . .
|QN o
9 ul
= %z \L-ZT
\4\ u'Z"' MN .‘\ ".
)

PN uy
w J

N
u,’
u,'
uwy

N

~V

orthonormal acgenva\ues a‘-
eigenvaecton of Co Cyp

117



Upshot
D The 2 principol oxis of A = xhe I pricipol axis # D
= the eigenvector U, of Ca
corres?Onding ‘o the 3econd
\augest eaigenvalue X, of Ca.

2) Vhe 2m principol com\:oncn)c og: A = Mhe st prnc. comp. ag'_.D
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Given a demeaned data matrix A, let
M2>A> 2> AN

be eigenvalues of the covariance matrix C4 and let uq,up,...,uyn be or-

thonormal vectors such that u; is an eigenvector of C4 corresponding to the
eigenvalue A;.

e The 2" principal axis of A is the vector u,.

e The 2" principal component of A is the vector Y5 = Au,.
e We have Var(Y2) = A,.

e In addition, Cov(Ys, Y2) = 0.
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The i principal component
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Proposition/Definition

Given a demeaned data matrix A, let
M2>2A> 2 AN

be eigenvalues of the covariance matrix C4 and let uq,up,...,uy be or-
thonormal vectors such that u; is an eigenvector of C4 corresponding to the
eigenvalue A;.

e The i principal axis of A is the vector u;.

e The i" principal component of A is the vector Y; = Au;.
e We have Var(Y;) = A;.

e In addition, Cov(Y;, Yj) =0 if i # j.
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