
MTH 461 28. PCA: further components

Example.

Demeaned data matrix:

A =




Ex 1 Ex 2
Aly −27 −30
Bob −23 −15

Chen 19 6
Deb 26 40

Emma 15 −20
Finn −10 16




=




X1 X2




=




S1

S2

S3

S4

S5

S6




Let u1 be the 1st principal axis of A, and let Y1 be the 1st principal component
of A:

Y1 =




�1
�2
...

�N


 =




S1u1
S2u1

...
SNu1



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The projection matrix
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The projection matrix:

<proje,SY)T

P = I :wins)(ail(nit:i)isa
=

An,m



The difference matrix

Definition
Let A an N × M demeaned data matrix

A =




S1

S1
...

SN




Let u1 be the 1st principal axis of A, and let Y1 be the 1st principal component
of A.

The 2nd principal axis of A is the 1st principal axis of the difference matrix

D1 = A − Y1uT
1

The 2nd principal component Y2 of A is the 1st principal component of the
matrix D1.
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D =A-P
e

the information thatis not captured

by the 1stprincipal component of A

To understand this information better we can use
the 1stprincipal component of D:



Computation of the 2nd principal component of A
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axis

The 2nd
princ. axis of A

=the 1st pric. axis ofD: A-P

-

Theeigenvection*" correspondingthe
Consider the orthogonal diagonalization of CA:IATA:

Ca =xATA =(nu...u))x)) i I
en

orthonormal

eigenvectors ofCA eigenvalues,2...,e
We have:

CD =4DD =i,(A-P)T(A-P) =i(AA - p-pYA +Pip) =ca-AP - iPA+Pp

ATP =An,xie,m
CA CAM, =1,4,

***A =(ATP)=(x,u,ui) =x,u,n,T ~
CAM, =1,2,

Pip =I(An,ui)(Au,)=uTAAn,e,=m,m Cam,uT=e,m(xin)a

=x, z.(e), =4,2,e,
5

uz, =1

This gives:

- innicet
=Jam.)(*.x)-(*...)) (=)
-jr......) ... ~ I
isofa
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Proposition

Given a demeaned data matrix A, let

λ1 ≥ λ2 ≥ · · · ≥ λN

be eigenvalues of the covariance matrix CA and let u1� u2� � � � � uN be or-
thonormal vectors such that u� is an eigenvector of CA corresponding to the
eigenvalue λ�.

• The 2nd principal axis of A is the vector u2.

• The 2nd principal component of A is the vector Y2 = Au2.

• We have Var(Y2) = λ2.

• In addition, Cov(Y1� Y2) = 0.
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upshot and principal axis ofA =the 1st pricipalaxis ofD

:the eigenvector me ofCA

corresponding tothe second

largesteigenvalue Xe of CA.

2) The 2nd principal component ofA:the 1st
princ. comp. ofD

Yz =Duc =(A-P) uz =AM - AU,=Ate
15 Since U, is
O orthogonal to re

3) Var(Yz) =1,442 =(Anz)(A2) =InsAAne =

-is CAMz I Nelez I *2
CAU, =Pzz 2,22 =1

4) Cor(Y,,72) =YYY2 =(Az)(Anz) =in AAM,

=U.T CAMz =uxzz =x, UTUz =0

-
Caz=xzMz

↑
Since ei, Uz

are orthogonal



The �th principal component

Proposition/Definition

Given a demeaned data matrix A, let

λ1 ≥ λ2 ≥ · · · ≥ λN

be eigenvalues of the covariance matrix CA and let u1� u2� � � � � uN be or-
thonormal vectors such that u� is an eigenvector of CA corresponding to the
eigenvalue λ�.

• The ith principal axis of A is the vector u�.

• The ith principal component of A is the vector Y� = Au�.

• We have Var(Y�) = λ�.

• In addition, Cov(Y�� Y�) = 0 if � �= � .
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Let es,,Mz - the 1st and 2nd principalaxes ofA
-

I projecs,)
I

i I i :
Di =A - wit <proju,S?)

↳
omponentonsteert
the information notcaptured
by the 1stand2nd principal
componend ofA

Define:
The 3D principal axis/componentof A

The 1stprincipal axis/componentof De
:


