
MTH 461 25. PCA: the first principal component

In this section we assume that we are working with a data matrix

A =
� X1 X2 � � � XM

�

which has been demeaned. That is �X� = 0, or equivalently X� = �X� for
� = 1� � � � � M .

Example.

A data matrix with demeaned exam scores:

A =




Ex 1 Ex 2 Ex 3
Aly −24 1 −40
Bob −3 −2 −6

Chen 29 5 17
Deb 26 −2 9

Emma −43 5 30
Finn 15 −7 −10



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Definition

Let A =
� X1 � � � XM

�
be a demeaned data matrix.

• The 1st principal axis of A is a vector

u1 =




�1
...

�M





such that ||u1|| = 1 and the variance of the vector

Y1 = Au1 = �1X1 + � � � + �MXM

is the largest possible.

• The vector Y1 is called the 1st principal component of A.
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Computations of U.

take u =?"), lull = 1, andlet y =A.m =c,X, t...+cmXi

CM

Check:Since Xi:X,for i=1...., M thus we have y= Y.

This gives:Var(Y)=YTy
=(Az)

+

(Au)
= uTATAn

the quadratic form
= n+ (A)n)-defined by the matrix(A

CA - the covariance

matrixofA
(since A =A)

Constrained optimization of quadratic forms gives:

1) Var (4) is the largestif i is auniteigenvector

corresponding tothe largesteigenvalue x, ofCA.

2) For this choice of us we have Var(Y)=1,.



Proposition

Given a demeaned data matrix A =
� X1 � � � XM

�
the 1st principal axis

of A is a vector

u1 =




�1
...

�M





such that ||u1|| = 1 and u1 is an eigenvector of the covariance matrix CA
corresponding to the largest eigenvalue of this matrix.

Moreover, if Y1 = Au1 is the 1st principal component of A then Var(Y1) = λ1
where λ1 is the largest eigenvalue of the covariance matrix CA.
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Note:

Var (A) =Var (X,) +... +Var(Xin)
=trCA

=

x,+xc +... +xM
-

all eigenvalues ofCA

(1, >, 0 since CA

is positive semidefinite)

This gives:0-Var(Y,):1, e,t...+x
=Var (A).


