MTH 461 24. Data matrices

Example.

_height weight age_

Aly 62

P Bob 82
Chen 79

Deb 70

General form

featue veckors

100

141 19
164 21
154 19
135 25
Si
Si
SN

som p\e
vedors



Notation. Given a data matrix A= X; Xo ... Xy | we will denote

~

A:[)~(1 X ... }?M]

where X; is the demeaning of the vector X.

Example.

[ 5.0 6.0 |
7.0 2.0 0o o o
4.0 4.0
3.0 5.0
6.0 8.0
8.0 5.0

mean = 5.5 5.0:

[ —05 1.0 ]
1.5 =3.0
~ —-15 —1.0
A=1 _25 00 3]
05 3.0 o
| 25 0.0 | o
mean = 0.0 0.0
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The covariance matrix of a data matrix A is the matrix

Ca=L ATA
If A = [ X1 ... Xy ] is a data matrix then
Var(X}) Cov(Xy, X5) ... Cov(X1, Xu)]
Cov(X3, X7)  Var(Xy) ... Cov(X2, Xu)
Cy =
| Cov(Xpm, X1) Cov(Xp, X3) ... Var(Xm)

Note: )
jq C = &C\ c-n’l R = : \mwsoQ‘R

w___-—/
codumns of C
then o C, ¢ - “W<hp
- r, C ¥2C€2 *°° V2Cn
RC - z‘ ‘ .
rﬂ\c\ rmcl (mc"

h‘\u\HP\.‘c.a'ch 3‘- o Mw ond a column

A = ‘,x| Xz ' XM‘X ,i.‘-i 3‘(1—;{ C:N(X.,xb (‘,v(X”K,.) 1
T~T1 \ \ \ M
- ?5‘1_ VTR L . B -
R =] K, 'F‘NL\ P\':N . ’ ( 3 Cov (X K)
: —r T e %TX Cov (R %) -+ GoviXulw
XM

Note. For any matrix A the matrix C4 is
e symmetric
e positive semidefinite
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Total variance and trace

If A= [Xi ... Xu] is a data matrix then the total variance of A is the
number

Var(A) = Var(X1) + ... 4+ Var(Xu)

For a square matrix

B —

the trace of B is the number
trB=>by1+bxn+...4+ by,

Exam?\ei

Note. If A is a data matrix and C,4 is its covariance matrix then

Var(A) = tr C4
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If A, B are n x n matrices then
1) If A, B are n x n matrices then tr AB = tr BA.

2) It A, P, B are n x n matrices such that A = PBP~" then tr A = tr B.

a, - Q, bll o bln
Prool: Let A= \: ' \ . B- \ / \

a, --- @ by -~ Pn

- o = A = B
) ke AD ’; %a"l\o&‘ = %‘,IQ‘“CJL\'3 + BA
check
b;( D
2) w A = ke (PBP) = ke (P(BPY) = w(@®P)P)
= e (B (PPY)

= ¥ (‘51) = EI(B)

Note: T is not tue thot te (AB):= to(A)- tr (B).

Jor exam‘ale : o .\ O
A= B K\ K AY * \
o | o |

kx (F\Eﬁ = 2 ke (A)- tr(E% = 2.2¢< 4

104



Corollary

If a matrix A is diagonalizable,
A= PDP™'

for some invertible matrix P and a diagonal matrix

A4 0 ... 0

0 A ... O
D: o Z2 °0 5

0 0 ... A |

thentrA=trD=A+ A+ ...+ A,

105



