
MTH 461 24. Data matrices

Example.

P =




height weight age
Aly 62 141 19
Bob 82 164 21

Chen 79 154 19
Deb 70 135 25




General form

A =




X1 X2 � � � XM




=




S1

S1
...

SN




100

feature vectors

-

I sample~ectors



Notation. Given a data matrix A =
� X1 X2 � � � XM

�
we will denote

�A =
�

�X1 �X2 � � � �XM
�

where �X� is the demeaning of the vector X�.

Example.

A =




5�0 6�0
7�0 2�0
4�0 4�0
3�0 5�0
6�0 8�0
8�0 5�0




mean =
�

5�5 5�0 �

�A =




−0�5 1�0
1�5 −3�0

−1�5 −1�0
−2�5 0�0

0�5 3�0
2�5 0�0




mean =
�

0�0 0�0 �
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Definition
The covariance matrix of a data matrix A is the matrix

CA = 1
N �AT �A

Proposition

If A =
� X1 � � � XM

�
is a data matrix then

CA =




Var(X1) Cov(X1� X2) � � � Cov(X1� XM)
Cov(X2� X1) Var(X2) � � � Cov(X2� XM)

... ... . . . ...
Cov(XM� X1) Cov(XM� X2) � � � Var(XM)




Note. For any matrix A the matrix CA is
• symmetric
• positive semidefinite
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Note: c =Tc
.
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-
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RC = rz C Tz2
... nI : : : I

rmC ... man
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X....
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Total variance and trace

Definition

If A =
�X1 � � � XM

�
is a data matrix then the total variance of A is the

number
Var(A) = Var(X1) + � � � + Var(XM)

Definition
For a square matrix

B =




�11 � � � �1�

... ...
��1 � � � ���





the trace of B is the number
tr B = �11 + �22 + � � � + ���

Note. If A is a data matrix and CA is its covariance matrix then

Var(A) = tr CA
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#mple:

A =488)tA =1 +5 +4 =15I



Proposition

If A� B are � × � matrices then
1) If A� B are � × � matrices then tr AB = tr BA.
2) If A� P� B are � × � matrices such that A = PBP−1 then tr A = tr B.

104

ForLetA:1.2), B:1".I
- trABIIajbji=bjiij=

trBA

check

by

2) trA =tr(PBP) =tr(P(BP") = tr((Bp")p)
=tr(B(PP")
=tr (B. 1) =tr(B)

Note:Itis not true thattr (AB):tr(A). tr (B).

For example:
A
:B = ii) AB:Ti)
tr(AB):2 tr(A). tr(B) =2.2 =4



Corollary

If a matrix A is diagonalizable,

A = PDP−1

for some invertible matrix P and a diagonal matrix

D =




λ1 0 � � � 0
0 λ2 � � � 0
... ... . . . ...
0 0 � � � λ�




then tr A = tr D = λ1 + λ2 + � � � + λ�.
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