
MTH 461 23. Mean, variance, covariance

Definition
Given a vector

X =




�1

...
�N



 ∈ RN

the mean of X is the number

�X = �1 + � � � + �N
N

Notation. For a vector X ∈ RN as above, by �X we will denote the vector

�X =




�1 − �X

...
�N − �X





We will say that �X is the demeaning of X .

Note. ��X = 0.

Example.

X =
�

62 90 79 70 55
�T , �X = 71

62 90797055

71

�X =
� −9 19 8 −1 −16

�T , ��X = 0

−9 198−1−16

0
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Definition
Given a vector

X =




�1

...
�N



 ∈ RN

the variance of X is the number

Var(X ) = 1
N

N�

�=1
(�� − �X )2

Note. Var(X ) = 1
N �XT �X .

Proposition

For a vector

X =




�1

...
�N



 ∈ RN

we have
Var(X ) = 1

2N2

�

���
(�� − ��)2
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Definition
Given vectors

X =




�1
...

�N



 � Y =




�1
...

�N



 ∈ RN

the covariance of X and Y is the number

Cov(X � Y ) = 1
N

N�

�=1
(�� − �X )(�� − �Y )

Note.

1) Cov(X � Y ) = 1
N �XT �Y

2) Var(X ) = Cov(X � X )

Proposition

For vectors

X =




�1
...

�N



 � Y =




�1
...

�N



 ∈ RN

we have
Cov(X � Y ) = 1

2N2

�

���
(�� − ��)(�� − ��)
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=XY
↑
out product



Example.

99

00

(xj
-

xi)(y,-yi) > 0
Cov(X,7) > 0

↓

V on average values of

(xj,4j) the vectory increase

whenthe corresponding
(xi,yi)

values of the vector X
increase

O 0

(xi, Yil -xi)lyyi) < 0 Cor(X,n) SO
L

H
on average values of

(xj,4j) the vectory decrease

whenthe corresponding
values of the vector X
increase

(xi- xu)(ye - yu) > 0
W

D * ↳ (xe,ye) Cor(X,4)
H

we cannotpredictif

(Xx, Yr) or value ofY will increase

or decrease if we know

(xi, Yih
thatthe corresponding
value ofX increased

1 (xj,4j)

W
(xj - xi).(yj =yi) < 0

W *
O


