
MTH 461 22. Quadratic forms

Definition
Let A be an � × � matrix. A quadratic form defined by A is the function

�A : R� → R

given by �A(v) = vT Av.

Example.

A =
�

1 2
3 4

�
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9A : R2→ IR

9*(1%1) = [ × , ✗
a] . I 's }] . -1¥;]

= [ ×
,
✗ ,] . [

✗ I +2×2

3.x, -14×2
}

= ×
, ( × , -12×2) + ✗

z
(3×1+4×2)

= ✗ f -12×1×2 + 3.x ,✗2+4×22

= × ? + 5×1×2 -14×22



Proposition

Let A be an � × � matrix, and let AS = 1
2(A + AT ). Then:

1) AS is a symmetric matrix.

2) �A(v) = �AS (v) for all v ∈ R�.

Example.

A =
�

1 2
3 4

�

Upshot. When defining a quadratic form �A we can always assume that the
matrix A is symmetric.
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Profit
) AJ =⇐ (A +AT))T = ¥ ( A- + AT)T= ± (AT+ A) = As

2) qaslv) = VT Asv = VT ( { A + { AT)v
= { VTAV + { VTATV

= É VTAV + { (vTATv)T

= { vTAv + {
FAV

= FAV =

9A (v)

9A ( /¥)) = xp + 5× , ✗z
+ ✗22

As -- His :/ + ± -1: :] = 1¥ %]
9As / / ¥)) = I ×

,
✗
a] /

'

% 5¥ /[ ;) = [ ×
,
× ,] . /

×
'
+ %"

% × ,
+ 4×2]

= ✗
, (× ,

+ % ✗2) 1- ✗ 2 (512×11-4×2)
= ✗ 12 + Ex , ✗z + E-✗ ,✗z + 4×22 = × ? + 5× , ✗zt 4×22

= 9^-11%1)



Change of variables in a quadratic form

Recall: If A is an � × � symmetric matrix then

A = QDQT

where:

Q =
�

u1 u2 � � � u�
�

orthogonal matrix, QT Q = I�

D =




λ1 0 � � � 0
0 λ2 � � � 0
... ... . . . ...
0 0 � � � λ�




λ1 = eigenvalue corresponding to u1
λ2 = eigenvalue corresponding to u2
� � � � � � � � � � � � � � � � � � � � �
λ� = eigenvalue corresponding to u�

Upshot. For any vector v ∈ R� we have

�A(v) = �D(QT v)

�D(v) = �A(Qv)
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"¥

L

qalv) = FAV
R
q ,>(E) = (E)TD /Qtv)

=

EQT✓=vTAv

11 1) = -

ix. "if ii.11¥.] -ix.→nil
"

:

"

✗nx)
= 7

,
✗

,

? -1 72×22-1 . . .

+ AnXP



Application: Classification of quadratic forms

Definition
Let A be an � × � matrix. The quadratic form �A is

• positive definite if �A(v) > 0 for all v ∈ R� − {0}
• positive semidefinite if �A(v) ≥ 0 for all v ∈ R� − {0}
• negative definite if �A(v) < 0 for all v ∈ R� − {0}
• negative semidefinite if �A(v) ≤ 0 for all v ∈ R� − {0}
• indefinite if �A has both positive and negative values.

Lemma
If D is a diagonal matrix




λ1 0 � � � 0
0 λ2 � � � 0
... ... . . . ...
0 0 � � � λ�




Then �D is:
• positive definite if λ� > 0 for � = 1� � � � � �
• positive semidefinite if λ� ≥ 0 for � = 1� � � � � �
• negative definite if λ� < 0 for � = 1� � � � � �
• negative semidefinite if λ� ≤ 0 for � = 1� � � � � �
• indefinite if λ� > 0 and λ� < 0 for some �� � .
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PIF : This is clear since

9☐ //
n)) = 7,42+72×22-1 . . . + Taxi



Lemma
Let A be a symmetric matrix with an orthogonal diagonalization

A = QDQT

If the quadratic form �D is positive definite (positive semidefinite etc.) then
�A has the same property.

Proposition

Let A be a symmetric matrix with eigenvalues λ1� � � � � λ� then the quadratic
form �A is

• positive definite if λ� > 0 for � = 1� � � � � �
• positive semidefinite if λ� ≥ 0 for � = 1� � � � � �
• negative definite if λ� < 0 for � = 1� � � � � �
• negative semidefinite if λ� ≤ 0 for � = 1� � � � � �
• indefinite if λ� > 0 and λ� < 0 for some �� � .
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Roof:(For positive semidefinite, other cases are similar

If Pp(v) >0 for all reR"-907

then pa(r)=4b (&Y) >, 0 for ellveR"907.



Example. Classify the quadratic form �A defined by the matrix

A =




1 1 5
1 5 1
5 1 1




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Solution
characteristic polynomial of A

Pla)= def f
' - a 1 5

I 5-✗ 1) = - 73+772+167+112
5 I 1- 7

= (7- a) (4- a) I -4 - a)

(Eigenvalues of A) = ( roots of Pti)) = { a.
= 7,72--4,75--47

Thus ga is indefinite
.



Proposition

Let A be a symmetric matrix. The quadratic form �A id positive semidefinite
if and only if there exists a matrix B such that A = BT B.
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#nof:

He have seen before:ifA =BTBthen all

eigenvalues ofAare X, O, so Ais positive

semidefinite

conversely, if IA- positive semidefinite
then

↑ IA =GDGT, D="5..0, 45,0
xu

↑
x,

IDefine V =

① ... andletB = aNQ

We have:

BB =(2V9T)" (000T)
- CrDTONCT
= QVNQT =QV.V.RT
↑ ↑

T N
=
1

2x =I

=GDCF=A



Constrained optimization of quadratic forms

Constrained Maximum Problem. Given a symmetric matrix A, find a vector
v ∈ R� such that ||v|| = 1 and the value �A(v) is the largest possible.

Lemma
If D is a diagonal matrix

D =




λ1 0 � � � 0
0 λ2 � � � 0
... ... . . . ...
0 0 � � � λ�




such that λ1 ≥ λ2 ≥ � � � ≥ λ�, then the vector e1 =
�

1 0 � � � 0
�T is

a solution of the Constrained Maximum Problem. Also, �D(e!) = λ1
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Hete :

qalcv) =(Cv)TAkv) = CZCVTAV)= czq # (v)

PIF : For
any

vector v = 1¥;) we have

9☐ (v) = 71×12+72×22 -1
. .
.
-1 An✗ n

≥

This gives : q☐(g) = ✗ i. 12+7-202-1 . . -1 An
'= 7

,

Also
, for any vector ✓ = [ ;] such

that 1141--1 we get :

9☐
(V ) = 7 ,×? -1 Xz ✗ E

-1
. .

.

-1 An× ?

≥ ×
,
✗it × ,

✗Et _ . _ taxi = A, (✗it ✗it . . . + ✗F)
↑ = 7

,
= pple ,)

7
,
≥ ai for i ≥ I ↑

11 v11 -- I



Proposition

Let A be a symmetric matrix with eigenvalues λ1 ≥ λ2 ≥ � � � ≥ λ�. If u1 is
an eigenvector corresponding to λ1 such that ||u1|| = 1 then u1 is a solution
of the Constrained Maximum Problem and �A(u1) = λ1.
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&roof.We have

A =GDQT

D =(y(x, ..0.I
a =[u,uz... un]

For any
re we have MA()

=pp(QTV).
#e.11QT1 =TRF =Ne =NFV =((v1) =1

By Lamma, gp(w) has the maximal value x,

for n = c. Thus A() has the
maximal value x.

if QTV =

x,

Since we have:

Tx, c.... (r) =I=QTQ=TET, Qu... Qur]

we obtain:QT,C.



Example.

A =




1 1 5
1 5 1
5 1 1




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We have seen before that eigenvalues
of A are

7
,
= 7

,
72--4 , 73=-4

Thus the constrained maximum value of 9A is

QAIU .) = 7 where u
,
is an eigenvector corresponding

to 71=7 such that 11411=7

( eigen space of 7--7) = Nut (A- 7.2)

= nutt : : :DI -2 I

-

✗
I ✗ 2 ✗3

¥ : :P:| "" l: :| :/ 1¥.tt#1=xiIi1I -2 I 0 I - I 0

We obtain :Y= ( !) is an eigenvector for 7=7

Since 11411=5
,
so we can take u ,

= ¥ [ ! )


