MTH 461 22. Quadratic forms

Definition

Let A be an n x n matrix. A quadratic form defined by A is the function
ga: R" - R

given by ga(v) = v’ Av.

Example.
(3]
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Let A be an n x n matrix, and let As = 5(A + AT). Then:

N —

1) As is a symmetric matrix.

2) qalv) = gas(v) for all v e R".

Prool:
N As =(§‘(A+/>T)>T = 3 (A+AT) =3 (AT A) = Ag

n

D) qagld) = VTASY = T (Ar AV

T

\

9
L T AV % %LVTKV)

Z
= \ 7 ALyT AV
= _z.\I\A'\/ —\-Z\I A

Example.

1 2 *I\. 2.5 + RZ
2wl e
_ j_ \ Y4 .L \ 5 = \ 5/2
Ass 2‘7;4 *1{2 4 K'S/Z 41

o l2) + oo, 2 - e (50750

s/Z><| +4n
s B e (T A

s 2 _ 24 S Zz
= nE Tt Bagt AxEe wE Y Sngt Ax]

= qa (T;ﬂ)

Upshot. When defining a quadratic form g4 we can always assume that the
matrix A is symmetric.
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Change of variables in a quadratic form

Recall: If Ais an n x n symmetric matrix then

A= QDQ’
where:
=[ wi w2 ... u, | orthogonal matrix, Q" Q = I,
A0 0 ] A1 = eigenvalue corresponding to u4
D — 0 A 0 Ay = eigenvalue corresponding to u;
| 0 0 ... )\.,, | Ay = elgenva.lue.c.(;rre-s.p-ond-l;"u.g t(; .L‘I,,

Upshot. For any vector v € R" we have

ga(v) = gp(Q'v)

qo(v) = qa(Qv)
v b 2 Qv

'P"—-——-%‘TR

N

qalV) = A R A (@\ (@Y Dlav)
= VaApgly =V AY
Nete: % = ) e
9o (\;X\—\*‘. m.\ 02 X}\x. 3\
= ARZ4 AR + Anng



Application: Classification of quadratic forms

Let A be an n x n matrix. The quadratic form g4 is
e positive definite if ga(v) > 0 for all v e R” — {0}

e positive semidefinite if ga(v) > 0 for all v e R” — {0}
e negative definite if ga(v) < 0 for all v e R" — {0}

e negative semidefinite if ga(v) < 0 for all v e R" — {0}

e indefinite if g4 has both positive and negative values.

Lemma

If D is a diagonal matrix

A0 0
0 A 0
0 O An

Then gp is:
e positive definite if A; >0 fori=1,..., n
e positive semidefinite if A; >0fori=1,..., n
e negative definite if A; <O fori=1,...,n
e negative semidefinite if ;; < Ofori=1,...,n

e indefinite if A; > 0 and A; < 0 for some i, j.

Proofl:  This is clear since

qp (\7(‘ ’\\ - ’A\x(z t ?\szz t...t Anxf
7xn
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Lemma

Let A be a symmetric matrix with an orthogonal diagonalization

A=0DQ"

If the quadratic form gp is positive definite (positive semidefinite etc.) then
ga has the same property.

"Proogz (%r positive semide{i;m‘}e( ther cases art h‘mi\at’)

Af g (V)20 Lor al veR™~{ot
then  q, v) = s (QW) 20 for ol ve RS0},

Let A be a symmetric matrix with eigenvalues Aq, ..., A, then the quadratic
form ga is

e positive definite if A; >0 fori=1,...,n

e positive semidefinite if A; >0 fori=1,..., n

e negative definite if A; <O fori=1,..., n
e negative semidefinite if A; <O fori=1,...,n

e indefinite if A; > 0 and A; < 0 for some i, j.
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Example. Classify the quadratic form g4 defined by the matrix

Sowution:
) A
Chorackerghc Po\'inom;&l :rg

P(AN= aet \\17‘51-,\ 5\\= ~ A%+ 216 A2

S 1 A
= (7-2)(4-2)(-4-2)

(Bigematucs of A = (rods of PEY) = §2,9, a4 2t~

Thus (\A s inde%ni}e.
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Proposition

Let A be a symmetric matrix. The quadratic form g4 id positive semidefinite
if and only if there exists a matrix B such that A= B'B.

Ne have seen before: if A=BB then all
cigenvalues of A are 7 O,%0 q4is positive
semidefinite

Conversel, if qp ~ positive semidedinite then

,Al
A = Q'D’QT, D= \O C?)\ ) 2:20
V2,
‘De%‘»«& ‘I_E = .. O

‘ and let —‘B:’@{BQT
o  Ja

We have:
B (aioq) (@iod)

= Q{b oS- aiq
oo’ g ;Qrp-ﬁs-d

oo =3 o=1D _
= QA = A
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Constrained optimization of quadratic forms

Note:
qalev) =(e Alev)= c2(vTAV)= ez q, (V)

Constrained Maximum Problem. Given a symmetric matrix A, find a vector
v € R” such that [|v|]| = 1 and the value ga(v) is the largest possible.

Lemma

If D is a diagonal matrix
A0 0
D— 0 )\.2 0
0 0 ... A
such that Ay > A, > ... > A,, then the vector e1:[1 0 ... O]T'Ls
a solution of the Constrained Maximum Problem. Also, gp(e1) = A

?noﬁi For o.nﬁ veetor v = [x‘K we heave

x
v L\A = ARZ+AREH. R An¥n

—

2 2
his  qives: o (2) = A\t X O Fot A0 = A,
Also, oy veek . 17 such that Iwvil=l we get:
Sor vector v \ﬂn'l

C(‘D(V) = A NpRZ Ho AnRa
AR+ ARt AN Ry = q\(x$+x}+_,,+ x})
?\| = C‘D(C\S

>
1\
A

\

A; for ¢ 21 T



Proposition

Let A be a symmetric matrix with eigenvalues A1 > A, > ... > A,. lfuq is
an eigenvector corresponding to A; such that ||uq|| = 1 then uq is a solution
of the Constrained Maximum Problem and ga(u1) = A4.

%§= We heave
A=QDQ

Q= [\.A\ Uy --- un'l
For any ve R we have q,\(v) = qp (QTV).
Note: M@l = @@ = {vaav = WWv = lvl=|

By Lemma, 9[p (W) has the maoximal velue A,
for w = ez, . Thus GKA(") has the maximal velue A,

if gv = e,
Since we hewe:
[¢| @z -- Qr\—] = I-= QTQ = [QT\A\ QTuZ Q—ru"]

we obtain: Qu, = .
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Example.

IR VL
Thue the constmined Warimum value °§ QA i3

Qa(U)=7?  vhere « & an aigenvector corresFOl'\olfng_
to A= F such thot lu =7

(m’ganspace og ’/\,=7) = Nul (A"7'1)

-6 ' S
S\ -6
= Xy ¥z Ae
-6 1 5)0 ko [0 )0 [ . |
-2 110 © 1 -\)o 2| = | % rs' |1
5 1 -60\|9 QO ©0 9|9

kS Ry

\

We ovbtain: V= &\\\ & an a\'gznvec’ror i}or N =P
\

v | )
Since v ={% , S0 we cenh tolkl wu = {?X\‘\
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