
MTH 461 21. Graph partitioning

Notation. If S is a finite set then

|S| := (the number of elements of S)

Definition

Let G be a graph with the set of vertices V . Let S ⊆ V and let S = V \ S.
Then

E(S� S) =




the set of edges of G

with one end in S
and the other end is S





1 2

3 4

5

6

7

Partitioning problem. For a given connected graph with the set of vertices
V = 1� � � � � N and a given number 1 ≤ � ≤ N find S ⊆ V such that |S| = �
and that E(S� S) is as small as possible.
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Definition
Let G be a graph with vertices V = {1� � � � � N}, and let S ⊆ V . The
selector vector of S is the vector vS ∈ RN given by

vS =




�1
...

�N



 where �� =
�

1 if � ∈ S
−1 if � ∈ S

Proposition

Let G be a graph with vertices V = {1� � � � � N}, and let L be the Laplacian
of G. For S ⊆ V we have:

|E(S� S)| = 1
4 · vTSLvS

Example.
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Notation. If �� � are vertices in a graph then we will write � ∼ � if there is an
edge joining � and � .

Lemma
Let G be a graph with vertices V = {1� � � � � N}, and let L be the Laplacian

of G. For any vector v =




�1
...

�N



 we have

vT Lv =
�

�<�
�∼�

(�� − ��)2

Example.
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Xz

x
,

L

s = (S

> X4

x3 X 4

vLV = (x ,
- x2)2 + (x ,

- x3)2 + (x2 - xb) + (x3 - xx)

Recalli

DL = B .BT where B = the edge incidence matrix

of B with some orientation of edges :

D
, 42 Dy 44

I

B = i · I-b
.
!

I2) Bt . (i) = <**,



Proof of Lemma.

Proof of Proposition (by example).
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Let B-the edge incidence matrix of G with

edges oriented as follows: <.. if i < j .

We have !

VTLV = vi BBTV

= (BTV) BTV
= (BTV) . (BTv)

do product

- (i- .King
for idj in

-

E(xi
- xj)2

icj

x ,
= 1 Y4= - 1

is : i Xz = - 1

& (xi - xj)2= 0

if i and j are both

- in S or in 5
xz 1 Xj =-1 S

S
--

(xi - xj)
= 22= 4

if i es and jes
or ie5 and jeS

z

By Lemma : v. L :

V = 2(xi - xj) = 2 4 = 4 . (E(5 ,5))
&

id < j

inj in j
i,j are in different groups

& IE(S ,5)) = VLVs



Partitioning problem restated:

Relaxation:
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Given a connected graph with vertices (1 ,
2

, ...,
Nt and Laplacian L

find a vector v= eRN such that i

dot product
hard -> [(1) xi = 11 for i = 1

,
2, ...,

N

(2) Ex ,
= K - (N-K) (equivalently : [ = k - (N -1)

(3) VLv is the the smallest possible.

Find avector v = ↑* ERN such that i

(1) VoV = N (i) [it

(2) vo(y) = k - (N- 2) V
7 Vov = N

(3) VTLV is the smallest

possible.

Fil [i]

Note:

Let up : a solution of the partitioning problem

Vr = a solution of the relaxed problem

Then

1) vLVp VLVR

2) We can use Up to get an approximated
solution of the partitioning problem



Preparation: Eigenvectors of the Laplacian of a graph

Let G be a connected graph with N vertices and L be the Laplacian of G.

1) Since L is a symmetric matrix, it has N orthonormal eigenvectors u1� � � � � uN .

Let

λ1 = eigenvalue corresponding to u1
λ2 = eigenvalue corresponding to u2
� � � � � � � � � � � � � � � � � � � � �
λN = eigenvalue corresponding to uN

We can assume that λ1 ≤ λ2 ≤ · · · ≤ λN .

2) λ� ≥ 0 for � = 1� � � � � N (since L can be written in the form BBT for some
matrix B).

3) Since G connected, we have λ1 = 0 and λ� > 0 for � = 2� � � � � N .

4) We can take

u1 = 1√N




1
...
1




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Solution of the relaxed problem
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Let 0 = x
,

< 2 ... XN - eigenvalues of L

i = u
, Uz... UN - corresponding orthonormal eigenvectors

Take veR that satisfies the conditions (1) , (2), 13)

Since[4..., Unt is a basis of H we have :

v = CU ,
for some ciet

by ortho normality
condition(1) gives :

of 24, , - Unf
-~
c

-

N = vor = (2 :4)((ni) = j(4 , ng) = ?

Condition (2) gives :

since "[ = 0 for is

- (N - 1) = v . [I = (au). [i) = Ec(n . (i) Ec. =c

Ins: c =
-

-
: is an eigenvector of L

Edition(3) : corresp . to x :

vTLV = (cut (4) = (an : (Lui) # (2cni)(1 : Zini)

- cijxj(iv)) Ex ,
= 24 . 0 + (2 . 42+ 2334z +... + c , MN)
↑

by orthonormality
x

,
= 0

of Ses , ...,
"NF

P . 0 + (c . x2+ 3X2 + ... + C - 42)
↑

x243- ... 4 N

= c p. 0 + (c + c+
...

+ ci)4z = wh

for N = C
,
U

,
+ duz

where di C



solution of the relaxed problem continued...
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pshot:toget
a vector Vettel that satisfies (1) , (2)se

V = cu , + duz

where :

a: 7
c + 0

2
= N

(or d = N - c)
This gives :

o = N - <
=

= N-K-K N
e

↑
d =

N -
check

N

eObtaini

1) The solution of the relaxed partitioning problem is given

by the vector

-IN
- )-nVi =

-N

C z ,
d

2) For this vector we have :

viL Vi
=

c . 8 + 02 . x2 =

-b)
. x2

N



Theorem
Let G be a graph with N vertices, and let λ2 be the second smallest
eigenvalue of the Laplacian of G. Then for any set S of vertices of G we
have

|E(S� S)| ≥ |S| · |S|
N · λ2

Definition
Let G be a graph. The second smallest eigenvalue λ2 of the Laplacian of G
is called the algebraic connectivity of G.
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IILof : Assume that ISI = K .

Let vs = the selector vector for the set S

↓
= the solution of the relaxed partitioning problem

We have :

1 E1S
, 5) 1 = LVsVLR =

PK(N-K)
. xa

N

S
= 1 1 . 151

. xz
M



Back to the partitioning problem

Recall: Given a connected graph with the set of vertices V = {1� 2� � � � � N} and
0 < � < N we want to find S ⊆ V such that |S| = � and |E(S� S)| is as small
as possible (equivalently: vTSLvS is as small as possible).

Approximated solution:
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1) Compute VR = the solution of the relaxed problem

2) Take the set ScV such that the selector vector vs

is the closest to VR

Recall: Ast)V ,V = Ive-VgI)=) : (v-Vs)

distance between

vectors = VR'2VioVg+ Vg: Vs
-

-

N N

=VRVs

Thus dist (vR,s) is the smallest when VRVs is the largest.

-

Recall :
vR = Cu

, + due 4:# ,
uz-eigenvector of

L corresponding
to xz

d =
44(N - k)

Visovs : <fors + dese IN

* ( -(N-K) (does not depend on s)

Thus we want d .ugo's to be as large as possible

Noteo then divers is the biggest if entriesofthe

vs equal to 1 correspond to the k largest
entries of Uz.

2) if a 0 then d.ucs is the biggest if entries of

vs equal to 1 correspond to the k smallest

entries of Uz.



The spectral partitioning algorithm

Recall: Given a connected graph with the set of vertices V = {1� 2� � � � � N} and
0 < � < N we want to find S ⊆ V such that |E(S� S)| is as small as possible.

Approximated solution:

1. Compute the Laplacian L of the graph.

2. Compute the eigenvector of L corresponding to the second smallest eigen-
value λ2:

u2 =




�1
...

�N





3. Let S+ = {�1� � � � � ��} ⊆ V
S− = {�1� � � � � ��} ⊆ V

such that
• ��1� � � � � ��� are the largest entries of u2
• ��1� � � � � ��� are the smallest entries of u2.

If ��1 + · · · + ��� ≥ −(��1 + · · · + ��� ) take S = S+. Otherwise take S = S−.
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Example.

1

2

3

4

5

L =




2 −1 −1 0 0
−1 3 −1 0 −1
−1 −1 4 −1 −1

0 0 −1 2 −1
0 −1 −1 −1 3



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Eigenvalues of L :

x
,

= 0
C

x
,

= 1 . 586
,
x5 = 4

.
14

, 42 : 5

T

m = Toss t



Definition
Let G be a graph with the set of vertices V . The Cheeger constant of G is
the number

�(G) = min
� |E(S�S)|

|S|
��� S ⊆ V � 1 ≤ |S| ≤ |V |

2

�

Corollary

If λ2 is the algebraic connectivity a graph G then

�(G) ≥ 1
2λ2

Theorem (Cheeger inequality)

If λ2 is the algebraic connectivity of a graph G then
�

2λ2�max ≥ �(G)

where �max is the maximal degree of a vertex of G.
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Proof : We had : if SCV then

IE1S :3),
20 :

! >, I e e
If 15/ # then 1517 so :

IE15 ,
5)K, Is. x

= 12

for all S such that IS)
Z

We get : 4(G) : min[IE/S,)I/1s). E4 ,


