MTH 461 21. Graph partitioning

Notation. If S is a finite set then

|S| := (the number of elements of S)

Definition

Let G be a graph with the set of vertices V. Let SC V and let S= V' \ S.

Then
the set of edges of G

E(S,S) = with one end in S
and the other end is S

Partitioning problem. For a given connected graph with the set of vertices

V'=1,...,Nand a given number 1 < k < N find S C V such that |S| = k
and that E(S,S) is as small as possible.
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Let G be a graph with vertices V = {1,...,N}, and let S C V. The
selector vector of S is the vector vs € RV given by

M 1 ifies
ve = | where x; = -
—1 ifiesS

Proposition

Let G be a graph with vertices V = {1,..., N}, and let L be the Laplacian
of G. For S C V we have:

Example. _
|E($2)|=3
[ \W\
| | 2
Vo= | -1 |3
~
— L 4SS
5 > 27 3% 4 S
il 2~ 00 !
- 2|1 3 -1 0 - l
Vg\—"s = [ —\—-I—l]-; Al 4 )
«a|lo O0-l 2 - ")
slo -~1-1-l 3 -1
[ 2.
4
= (1 v -t -t 4| = 2¥4x4 4042
O _ —_—
L;Z = \Z= 4‘\E(,‘5l9>\
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Notation. If i, j are vertices in a graph then we will write i ~ j if there is an
edge joining ( and j.

Lemma

Let G be a graph with vertices V = {1,..., N}, and let L be the Laplacian

X1
of G. For any vector v = : | we have
XN
vilv = Z(X[ — xj)2

i<j
i

Example.
Xz

7‘5 Xa
2
VTLY = (o -%g) + (=% Y+ (k2-%5) + (x5 Xa)
Recelli

N L= BB Where B s the edge incidence matrix

o-{. B th some onentalion org edges :
¢| ¢3_ ¢> Ll,,

\ 1 O \ ©
B= 2|2y v 0 o
53\ O -\ ~) t
419 o0 o -
< e, [%, ~%,
v | e, | %, -X3
) B\l e
Ka 3 $|’K3
i Ful %y~ ¥y
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Proof of Lemma.

Lek B - the edge inudence matnx of G with
edges ocdented as folos: s—<—e. i <.
K 3
Ne have :
Vibv = vTBBY
® (BTVST B'v
= tBT\b’t(b-r\l)
dot FmM .
* =% % e— for 4§ 178

1|

= .Z_Q'&‘" 5‘52

TLx

Proof of Proposition (by example).

J V\2
s:'. -\ 12 2
% ) 2=
s i) =
if i andj ore both
— in S or in S
“ S
(g - = 2" 4
if ieS and 3e5
or ieB ond j€5
_ i _ = 4 lE(53)
By Lemmo: Il = %(*;-“5)2 = ..2314
o ig v in different qroups

S0 1E(sBE\ = 2 V3L
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Partitioning problem restated:

Given a connected groph with vertices 31,2, N} and Laplacian L

find a vecdor v = F“\e‘(k“ auch that:
7N
dot product
hod —> ‘_Cl) Xe = + | .(-or (=L,2, -y N l ,l
(2) =% =k-(N-k) (equivalently: Ve " = k- (N‘\‘\)
(3) vTLv ie the the smoallest possible.
Relaxation:

Find a vector v - \*'\ c RN auch thot -
N
7]

x

(") vev =N
vevV=N

1

(2) v-‘ X= k- (N-k)

(5) vTLv is Yhe emallest
poss(b\e.
W

1]

Note:
Lek Vp = a sdlution of e paditioning problem
Vg = & 3olhon of +he fe\axed problem
Then
) vILv, » Velvg

2) We cen use Vg to gef an &\?Pmema’ced
solubon of +he Porh‘h‘oning problem
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Preparation: Eigenvectors of the Laplacian of a graph

Let G be a connected graph with N vertices and L be the Laplacian of G.

1) Since L is a symmetric matrix, it has N orthonormal eigenvectors uy, ..., un-

Irthonarmal: L s

Let

A1 = eigenvalue corresponding to uy
A> = eigenvalue corresponding to u;

An = eigenvalue corresponding to up
We can assume that A1 < A, < -+ < AN

2) Ay >0fori=1,...,N (since L can be written in the form BB’ for some
matrix B).

3) Since G connected, we have Ay =0 and A; >0 fori=2,...,N.

4) We can take

up =

2~
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Solution of the relaxed problem

Let O= A,< A, §... £y - eigenvalues of L
\

S ‘genvectors
=l u U, ‘-° u co po di orthonormal @13én ect

Take veTRM 4that satisfies the conditions (1), (2), (3)
Since iuu'-'/ uN} is a basis o(f RN we have:

NP IRVE for some ¢;€TR

octho narmal’

Condihon (1) gve: £ R )
N= vev = (zc"c; ui)(fgc‘.u‘) = %c;c-kuaouf') = ‘Z C;

since u;-m-o for i>1

ﬂ x 2'_:c.-(ui.m) £c|- e, IN

n

2|2

Condition (2) gives:
K- (N-K) = v H = (z..c.-u;)-[

'T'huy. c' - e - (N"\(\

Zl

u; is an eigenvecfor of L

Condikon (2): corras[l. to A
ViLv = (Zeaw) L (Taw) = (FawT (Tatw) = (Zeu) (Tanw)

cz. O+ (eZ-A,t cyAgt .. ¥ c;'AN)

l .
= ZeigAjlueu) § FON
3 b\‘ orthonormali

of {¥.,,.,unt

T
2:=0

> C|z'o + (sz'kz*’ C;7\21'... * Cﬁ'a’)
1T

st as \<--- SQN

c2. O+ (Zecy+...* c:‘)‘?\z = wlu

for W= c MU +dU,

where d = wlc} .4l
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solution of the relaxed problem continued...

Upshot: To qget a vector ve RN thot sabisfies (1, (2), (3)
ne need to toke

Vv = CU|+ duz

where
c = -\ﬁ-:-—(r—r—?-;\-‘)- , et +4d% = N
(or d%2=N-e*
i wes -
This gues B Y N M X ¢ e )
d = N~c¢ = N T N
4= # ALk TP cheek
- N
We obtrain:

) The solution of the relaxed porktioning problem is given
by the vector

k=N Y L Aem
e g (1] 2
(4 u, a

2) For this vector we hove:

vgbvg = ¢-O+ d%.2, =
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Let G be a graph with N vertices, and let A, be the second smallest

eigenvalue of the Laplacian of Gi. Then for any set S of vertices of G we
have

|SI- 15|

E(S,5)| 2 =

A

Proof: Assume thot 15]=k.
Let wvg = the selector vector for the set S

Vg = ‘he solution o the relaxed partitioning problem
Ne hove ( ’
4% (N-k
lE(33) = A vy Lvg > f\';[‘\’k = % =,
= s\'\g\
\N—' )

Let G be a graph. The second smallest eigenvalue A; of the Laplacian of G
is called the algebraic connectivity of G.
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Back to the partitioning problem

Recall: Given a connected graph with the set of vertices V = {1,2,..., N} and
0 < k < N we want to find S C V such that |S| = k and |E(S, S)| is as small

as possible (equivalently: vilvs is as small as possible).

Approximated solution:
) Compute Vo = +the solubion of +the relaxed problem

2) Toke the set SV such that the selector veetor vg
is the closest to vg.

Recall: :dis\: (vg, vsl = |vg-Vsll = mk’\ls)‘ (vg\e)
distance betueen .
veetors = VgrVg ™ 2VVg * VgT Vg
N N

= 1zN v

Thus dist Vg Ve) ie the smallest wnhen VgeVs is the \argest.

Recall: Vg = cu, + du,_ u, = V‘_" {' , Uz~ e(genvec+0\’0‘-$-
NS L corer&Povxding
‘o A,
\
o, = ... Al (N-1)
VR V$— c N i]. VS +J.uzc\/s d'= s )

"
-‘%- (k- (N-W))  (does not depend on S)

Thue we went d.u 2° Vs 4oy be as larqe as posstblr_

Note:

) i§f 4>0 +hen d-uzVs 1S the bigges
Vo, egual tvo 1 OOrresFaho\ v the k largest
an¥ried o§ Uy .

?) i‘;‘ d<Q theéen d-u,eVe iS5 +he biggQS* ig entres o?
Vo eguel to 18200rresFono\ +p the k smallest
entrned o{: U, .

t ¢ entres of



The spectral partitioning algorithm

Recall: Given a connected graph with the set of vertices V = {1,2,..., N} and
0 < k < N we want to find S C V such that |E(S, S)| is as small as possible.

Approximated solution:

1. Compute the Laplacian L of the graph.

2. Compute the eigenvector of L corresponding to the second smallest eigen-

value Ay:
X1
U =
XN
3. Let
S+ = {l'] ..... lk} cV
S ={j,....jxk}CV
such that
® x;,,...,X;, are the largest entries of u;
® Xji, ..., x;, are the smallest entries of u.
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Example.

2 -1 -1 0 0]
-1 3 -1 0 -1
L= -1 -1 4 -1 —1
0O 0 -1 2 1
o -1 -1-1 3

Eigenvalues of L -

ae O L oy 1586 ) AT AU4 , Ap=D
(0.653 |1
u= (0.zA |2
o 3
-0.653| 4
l-0.271] s
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Let G be a graph with the set of vertices V. The Cheeger constant of G is
the number

h(G):min{ 5.5) ‘scv1<|5| %}

If A, is the algebraic connectivity a graph G then

’-Proog-. We had: if Ssv then

_ 1 3\
R
29 1 E(8,3) S 1Sl o
ey 7l z
¢ 1slg MU e, 152 M <o

2‘ —
\E(53)] » —i—‘ A
for @l S such that 18]¢

We get: N (@)= win ¢ 1E (53

Theorem (Cheeger inequality)

If A, is the algebraic connectivity of a graph G then

V 2A2dmax > h(G)

where dyax is the maximal degree of a vertex of G.
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