MTH 461 20. Review: Matrix diagonalization

Recall:

A square matrix A is a diagonalizable if A is of the form
A= PDP"!

where D is a diagonal matrix and P is an invertible matrix.

Diagonalization Theorem

1) An n x n matrix A is a diagonalizable if and only if it has n linearly
independent eigenvectors vq,vy, ..., V.

2) In such case A= PDP~" where :

P = Vi Vo ...V,
(A4 0 ... 0 ] A1 = eigenvalue corresponding to v
D 0 A ... O A, = eigenvalue corresponding to v;
0 0 ... A A, = eigenvalue corresponding to v,
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Note. Not every matrix is diagonalizable.

Example.
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Recall:

It
aq b1

a, b,

are vectors in R” then the dot product of u and v is the number

u-v=a1by+...4+a,b,

Note: uwev = UTv
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If u € R” then the length (or the norm) of u is the number

|ul| = Vu-u
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Vectors u,v € R" are orthogonal if u-v = 0.

A square matrix Q = [u; uy ... wu, ] is an orthogonal matrix if
{uj,uy, ..., u,} is an orthonormal set of vectors, i.e.:
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If Q is an orthogonal matrix then Q is invertible and Q="' = o’.
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A square matrix A is symmetric if AT = A.

Exo.mg\e'-
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Spectral Theorem

If Ais an n x n symmetric matrix then A has n orthonormal eigenvectors
uqg, ..., Up.

As a consequence the matrix A is diagonalizable:

A=QDQ"'=0QDQ'

where

is an orthogonal matrix with the orthonormal eigenvectors as columns and

M0 .0
0 4 ... O
D: 5 Z2 25 :
0 0 ... A

is a diagonal matrix, where A; is an eigenvalue of A corresponding to the
etgenvector u;.
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