
MTH 461 20. Review: Matrix diagonalization

Recall:

Definition
A square matrix A is a diagonalizable if A is of the form

A = PDP−1

where D is a diagonal matrix and P is an invertible matrix.

Diagonalization Theorem

1) An � × � matrix A is a diagonalizable if and only if it has � linearly
independent eigenvectors v1� v2� � � � � v�.

2) In such case A = PDP−1 where :

P =
�

v1 v2 � � � v�
�

D =




λ1 0 � � � 0
0 λ2 � � � 0
... ... . . . ...
0 0 � � � λ�




λ1 = eigenvalue corresponding to v1
λ2 = eigenvalue corresponding to v2
� � � � � � � � � � � � � � � � � � � � �
λ� = eigenvalue corresponding to v�

Example.

A =




2 2 1
1 3 1
1 2 2




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xigenvalues:X,=1,42 = 5

basis ofthe eigenspace of11:(F1503
basis ofthe eigenspace of1.5:(i))

Thus A is diagonalizable:
A =PDP"wherep=20 )

x =15531



Note. Not every matrix is diagonalizable.

Example.

A =
�

2 1
0 2

�
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The characteristic polynomial of Ai

P(a) = def 12-7 I

0 2-a) = (2-7)/2 - A) - 0

(eigenvalues of A) = (roots of Pla)) = { 7--27

Eigenspace for 7--2 = Nut ( ( 8 )
" "

-1%1=1 f- ✗ it'd186181
basis of the eisenspace

= { %) }
Thus A hes only one linearly independent

eigenvector
- not enough for diagonalizelion .



Recall:

Definition
If

u =




�1
...

��



 v =




�1
...

��





are vectors in R� then the dot product of u and v is the number

u · v = �1�1 + � � � + ����

Definition
If u ∈ R� then the length (or the norm) of u is the number

||u|| =
√

u · u
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Not u • v = Utv
T

dot product
[
matrix multiplication

u=

'

f v - (? ) ut -- [a .
. . . an]

an bn
UTV = [a ,

- . . an] ./? = a,b , -1 . . . + Qnbn

u = / § U • U = a? + . . . + art

Hull -- ai-i.i.to?-

E-



Definition
Vectors u� v ∈ R� are orthogonal if u · v = 0.

Definition

A square matrix Q =
�

u1 u2 � � � u�
�

is an orthogonal matrix if
{u1� u2� � � � � u�} is an orthonormal set of vectors, i.e.:

u� · u� =
�

1 if � = �
0 if � �= �

Example.

A =




2/3 1/3 2/3

−2/3 2/3 1/3
1/3 2/3 −2/3





Theorem

If Q is an orthogonal matrix then Q is invertible and Q−1 = QT .
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u,.u
=(=)"+(- 5)"+(5)

=

E +E +5 =1

4,8uz =z.z +(- 3).(z) +(E)(5) =0
:

u, Uz uz

#te: 5.8C, 5,0c2

~

r, I 1.7 +2.9 -+2.0
A = B =[508) A.B= rzoC, rz0Czisa ↑

Vz = c, r302z 1
a=

u,4...un

I a
=
=". I

3,H,

④TQ =

vzU,↑
Un.U,

nounee...coue...::ef =
the identity
metrix



Definition

A square matrix A is symmetric if AT = A.

Spectral Theorem

If A is an � × � symmetric matrix then A has � orthonormal eigenvectors
u1� � � � � u�.

As a consequence the matrix A is diagonalizable:

A = QDQ−1 = QDQT

where
Q =

�
u1 u2 � � � u�

�

is an orthogonal matrix with the orthonormal eigenvectors as columns and

D =




λ1 0 � � � 0
0 λ2 � � � 0
... ... . . . ...
0 0 � � � λ�




is a diagonal matrix, where λ� is an eigenvalue of A corresponding to the
eigenvector u�.
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