MTH 461 19. Connectedness of graphs

Note. From now on all graphs are simple, undirected unless it is indicated
otherwise.

A graph is connected if any two vertices can be joined by a path.

A connected component of a graph is a maximal subgraph that is connected.

conn ec\'CO\ co mponé nts

Goal:

e How to check if a graph is connected?

e If a graph is not connected, how to count its connected components?

If i is a vertex of a graph then the degree of i is the number

deg(i) = (the number of edges attached to i)

deg(2)= 3

9 o deg (4)=2
o[/
deg(e)=2

o e deg (5) =\

deg (%)= 4
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Definition

Let G be a graph with vertices 1,2,..., N. The Laplacian of G is a matrix
L=D—-A
where

e A is the adjacency matrix of A
e D is a diagonal matrix with degrees of vertices on the diagonal.

Example.
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Note: The sum og‘- each cow o-q the Laplacian 1% O.

-~

l
1

o \
O |
L_ . ) z O - O . \
O ]
O \

This  gives:

1
)

L\Eshot: ) 2=0 s an eigenvalue of L

|
2) The vector v-= {'} 1S an eigenvecl-or

1
covresponding to this  eigenvalue.
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Thus L hos +wo Iineo.t\\\ ‘mdependen{— e,63envec+ors
wrreSFonding Yo the eigenvolue A=0.

In general, if a graph & with verhices L.y N
hes ™M  connected components G‘)...}GM then

then  the Loplacian of & has et \eask ™ linearl
independent @ igenvectors

Vi) Vzy- Vi COTr@sponding
to the cigenvalue A=Q0.

ot 1 i eqg,

f where x%; ©
« “ | O othervise
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G oal:

Proposition x

If L is the Laplacian of a graph G then

the number of the number of
connected components | = | linearly independent eigenvectors
of G of L corresponding to A =0

Definition
Let G be a directed graph with vertices 1,2,..., N and edges ey, ez, ..., eum.
The edge incidence matrix of G is an N x M matrix B = (b;;) such that

e rows of B are labeled by vertices of G
e columns of B are labeled by edges of G
e the entries of B are given by

—1 if the edge e; starts at the vertex i
bij = 4 +1 if the edge e, ends at the vertex i

0 otherwise

Q 2
(@ YN
2 | O '®)
e, Cs B=32 0 v o |
4\ O I W
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Lemma

Let
e (i be a simple undirected graph

e [ be the Laplacian of G

e B be the edge incidence matrix of GG with the direction of edges selected
in an arbitrary way.

Then L = BB'.
Example. 12 3 4
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Proof of Proposition .

From before: If G has  verhces ‘1--,N ond

M connected components G, )., G then the
Laplacian of ¢

_ has ™ \\'ne,ar\w..\ independent
€ \Qenvectars Corresponding to A =0 - v,,., Vi
where

x| o
'\/k = WC.—. \ '? L€ e“-
>< O otlherwse
N

We need to ghvon: there ore no more ||'nea-tr\'~1

independent eigenvectors of L Lor A=0.

Enou,sh Yo chon: i¥ W < {#'l ¢ oun €Cgenvec+or
RN

O\g L '\:or AcO then HER! -Qor O—N\ +wro verbces

Ty Yhat are conneoted bbl an edge .

Let B = the edge incidence matrix of & with some
orientaelon o§ e_alge.s '5\1 lemma: L= BB
Claim: Lv = O i and onry if BTy =O
dndeed: if BL =0 fthen Lvz BBY:-BO =0
CO”"C”JG\&\'« if Lv =O &hen vTLyv =0
sor (VT BBV =0
e dot procuet of (T AT (BT) -0
BTy with iteell —_—
This Qives B =0,
e

¥ cemeains o notice thst BT -_l ,z-,z Q.
> <, kol "7"3 &— ;g
Thus 'BTV =0 {&‘ nd on{y( ;F N B 7‘3
=Ry -gof oy verbeces ‘u,j connecked
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Proposition

If B is a any matrix then all eigenvalues of the matrix A = BB’ are greater
or equal to 0.

If L is the Laplacian of a graph G then all eigenvalues of L are greater or
equal to 0.
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