MTH 461 13. The assignment problem continued

A matrix A is totally unimodular if every square matrix obtained by removing
some rows and columns of A has determinant 0, 1, or —1.

Note: ) I A is +o+ell\\ unimodular then all entries of A
are equel to O, 1, ~|,
2) Not eveny matrix With entres || O | s -\-ohall..(1
Unimodulor .

e q: - -
A”[sl’l det A = 2

Consider a linear program of the equality form: maximize

) ) Z=0CX1+ ...+ CphXp
subject to constraints:

apnxy + ...+ appx, = b;

fori=1,...,mand x; >0forj=1,...,n.

If the the coefficient matrix

a1 ... aqp
A =
am ... dmn
is totally unimodular and b; € Z for i = 1, ..., m then values of xq, ..., x,

for every basic feasible solution of the linear program are integers. In
particular, if the linear program has a maximum, then there is a solution
with integer values which gives this maximum.
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Proof of Proposition.
£ Columns 4 A
r.__—-—'.-————-\
Denote A= Ly vz - vu) . Without \oss of geremli
assyme that we heve o basic f(easible soution ihere
Riyoy % yp 02 basic Varables and xpey- X 0O free.
Then e hove RXpme= ... = Xn=O| S0 ue on\\,‘ need to

show that <x,;.., %, 0@ integerd,

N& hone:
K, b,
A. - '
An b\""l
h
| =Y
so! ViR, + Vp Xyt + mem+W= b
W
Thus RVt + RNV = b @)

Lek Ag be e wmzm matox  with co\lumnd V.5 Vm*

AB= ‘_Vn Vg =~ V""l

%
This gives: N \ . \= b
Rm

We heave:
) Sinee Ry, %Xm Gre bosc vanables | the columns

¢ that
Viy-y Vm Q€ \inaav\b\ mo\ependen\-. This means tha

Ap s Qn invertible matox. Thus det Mgt O.
2.) since A S -\—o-\-o.\\\\ un'\Pa"mn‘\' we must heve dek AB'-'- x|
and all emtnes of Ap are integers.

This gwes that %) . Xy OC inkeqers.
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For any bipartite graph G = (V4 U V5, E) the incidence matrix of G is totally

unimodular.
Example.
) €11 €12 €21 €22 €23 €32 €33 €43 .
@ cif[1 1 0 0 0 0 0 0
c2f 0 01 1 1 0 0 O
€12 ey €23 e3 e43 c31 0 0 0 00 1T 1 O
e &) e c41 0 0 0O O O O O 1
Pp1f 1 0 1 0 0 O 0 O
Pp1f O 1 0 1 0 1 0 O
@ @ @ P 0 0 0 O 1 0 1 1 |
— ~ —
I}
Induction: A

Assurme that all submabvices of A of size nxn  have
detecminant O\ or -\,
Let B - submatrx of A of size )= (nel)
Consides three cases:
D B has & coumn consisting of =Zeros.
Then detB =0 — ok
2) B hat & column thek contains only ohe entry

GQ\L\Q\ ‘o 4 . . .
Then b\‘ w-go,d-af expansion uith feSPed','}-o
thiz cdumn we get <deb B= T det (")

Shere B & an nkn mathx, so def B = Q) or -l
Vhat det B = O\l or -l.
5} Every Column ﬂ(— B contdins two entries e,.ﬁ\u,sz\ w1l
Then ™OW2 o¥ B amr \ingar dependen+:
(sum of rows comresp. t0 C; 's> ~ (sum & rows cofresF.iv'P;’s> =0
Thue B s not an inverhible metnx, and det B=O - ol

7
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Proposition

If Ais a totally unimodular matrix and B is a matrix obtained by appending
to A by a column that that has only one non-zero entry equal to 1, then B
is totally unimodular.

submotra o A, so det = O] or -1
since A is Tt unimodulor
submotnx S -

column of eeros,
so dek <O

det = O\ or -\

bs‘ e same a.vsxment
os in ose 2 of the
prock of the pepotion
on Yhe previous poge

The simplex method always gives a solution to the assignment problem that
consists of integers.

Proo{: The constroinks of the @assighment problem
are of the form Ax=b uhece At rotelly
wnimodular mekvx and b= 1. Thus o\ basic {easible

solutions of Yhis problem consist o(. integers.
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