
MTH 461 13. The assignment problem continued

Definition
A matrix A is totally unimodular if every square matrix obtained by removing
some rows and columns of A has determinant 0, 1, or −1.

Proposition

Consider a linear program of the equality form: maximize
� = �1�1 + � � � + ����subject to constraints:

��1�1 + � � � + ����� = ��
for � = 1� � � � � � and �� ≥ 0 for � = 1� � � � � �.

If the the coefficient matrix

A =




�11 � � � �1�

... ...
��1 � � � ���





is totally unimodular and �� ∈ Z for � = 1� � � � � � then values of �1� � � � � ��
for every basic feasible solution of the linear program are integers. In
particular, if the linear program has a maximum, then there is a solution
with integer values which gives this maximum.
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Ate: 1) If A is totally unimodular then all entries of A
are equal to 0

,
1
,
-1

.

2) Not every matrix with entries 1
,
0

,
-1 is totally

unimodular.

=
A = [ii] detA = 2



Proof of Proposition.
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~ columns of A
W

-

Denote A = [v , v . . in] . Without loss of generality
assume that we have a basic feasible solution where

X
, ..., X m are basic variables and Xm+...) In are free .

Then we have xm+
= ... I Xn = 0

,
so we only need to

show that x
,... xm are integers .

We have :

A ) = (n
i

So : V
.
X, + VeXet ... VmXmtt... UnXn = b

-

Thus X
,
V

, +... + XmVm = b "

Let AB be the mxm matrix with columns vic- Vm :

AB = [V , v
... Um]

This gives : AB Tn) = b

We have :

1) Since X
..., Xm are basic variables ,

the columns

Y ..
"m are linearly independent.

This means that

AB is an invertible matrix. Thus det ABF0 .

2) since A is totally unipotent we must have det AB
= I

and all entries of AB are integers.

This gives that X
, ...

Xm are integers.



Proposition

For any bipartite graph G = (V1 ∪V2� E) the incidence matrix of G is totally
unimodular.

Example.

C1 C2 C3 C4

P1 P2 P3

�11

�12 �21

�22

�23 �32

�33

�43




�11 �12 �21 �22 �23 �32 �33 �43

C1 1 1 0 0 0 0 0 0
C2 0 0 1 1 1 0 0 0
C3 0 0 0 0 0 1 1 0
C4 0 0 0 0 0 0 0 1
P1 1 0 1 0 0 0 0 0
P1 0 1 0 1 0 1 0 0
P3 0 0 0 0 1 0 1 1



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-
I

Induction : A
-

Assume that all submetrices of A of size nan have

determinent 0
,

1 or-1
.

Let B-submetrix of A of size (n+1)x (n+1)

Consider three cases :

-

1) B has a column consisting of zeros.

Then detB = 0 - ok

2) B has a column that contains only one entry

equal to 1 .

Then by cofector expansion
with respect to

this column we get det B = I det (B)
where B' is on nxn matrix ,

so det B = 0
, 1 or -1

.

Thus det B = 0 ,
1 or -1 .

3) Every column of B contains two entries equal to 1

Then rows of B are linearly dependent
:

Isum of rows corresp . To Ci's) - (sum of rows corresp.
to Pi's) = 0

Thus B is not an invertible matrix
,
and det B = 0 -

Ok.

(*



Proposition

If A is a totally unimodular matrix and B is a matrix obtained by appending
to A by a column that that has only one non-zero entry equal to 1, then B
is totally unimodular.

Corollary

The simplex method always gives a solution to the assignment problem that
consists of integers.
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submatrix of A
,

so det = 0
,

/ or -1

since A is tot . unimodular

submatrix with a

·L column of zeros ,

I so det = 0

-#
by the same argumentdet = 0

.
100 - 11-

as in case 2 of the

proof of the proposition
on the previous page

Proof : The constraints of the assignment problem

are of the form Ax = b where A is totally
unimodular matrix and b : [i]. Thus all basic feasible

solutions of this problem consist of integers.


